We analyze local fields redefinition and duality for a vector gauge field in three dimensions. As results we find that both Maxwell-Chern-Simons and the Self-Dual models admits the same fields redefinition. In fact they are member of an equivalence class of gauge models, all of them having the same fields redefinition. We also establish a criterion such that two dual models have the same fields redefinition and construct an operator representation for duality.
Introduction
In this paper we investigate the relationship between duality and fields redefinition, in a sense introduced in [1] and [2] , for bilinear abelian action involving the one-form field A in three space-time dimensions.
It is widely known that a sufficient condition for duality is the existence of a global symmetry in the original action and one finds the dual model 2 Duality and Field Redefinitions on Self-dual (SD) and Maxwell-Chern-Simons (MCS) Models Twenty years ago, Deser and Jackiw [5] established duality between (SD) action
and topologically massive MCS action
2)
following the clue that both models involve a massive vectorial field in three dimensions and violate parity. They derive the duality from a master action. Each model is obtained combining equations of motion and this master action. For a matter of clarity, we rederive the duality using gauge embedding formalism [4] . The term (A, A) in S SD is not invariant under gauge transformation
with ω 0 being a 0-form space-time dependent gauge parameter. In order to introduce local gauge invariance on S SD , we set up the action 4) where S N I (B) is a non-invariant gauge term depending on an auxiliary field B with δB = δA:
5)
Note that S N I (B) is similar to invariance break term in the original action, only replacing the field A for the auxiliary field B . The equation of motion
After some simple algebra, we arrive at
that is nothing but topologically massive MCS. This model is local gauge invariant under (2.3) and, in the path to establish it, we have proved the duality between that two actions.
In [1] and [2] Lemes et al showed that Chern-Simons term can be seen as a generator for MCS model, through a field redefinition. So we claim that, based on this duality, we can find the same solution for field redefinition when we apply it at SD and MCS models. In fact, we will prove it. We set the redefinitions
and
The right hand side of (2.9) breaks gauge invariance, just as in the original model. We already showed in [6] to a p-form model, and it is naturally still valid when p = 1, that we must have
and that A i depends linearly on A in the following way
So a field redefinition is completely specified by the coefficients α i ′s. Substituting (2.12) into (2.8) and (2.9), one arrives at same equation to both MCS and SD models, namely
α k−j+1 α j = 0, (2.14) k = 1, 2, .... We list some α i ′s
.
These values are in perfect agreement with that ones obtained in [7] . Let us rederive the above results in another fashion. We can also look at field redefinition (2.10) as having an operatorial nature:
where O is an operator defined by
The operator O has the following properties 
(2.21) and consequently
22)
and integrating with respect to A we have
This is precisely the field redefinition for SD model we have anticipated in (2.9). From (2.21) we can obtain the form of the operator O by expansion in power series in * d/m
Comparing (2.16) and (2.24), we find out a formula for the coefficients α j ′s
that furnishes (2.13) and (2.15) again. We can easily invert the field redefinition
Some coefficients of inverse expansion arê
We can change our way of thinking and consider as (2.20) had been obtained from (2.22) after application of * d. Thus redefined MCS is generated by redefined SD model, both presenting the same field redefinition. One can reasonably argue what would one get applying * d twice on (2.22) and integrating on field A. We obtain a new gauge invariant model
By construction the field redefinition of (2.29) is exactly that for SD and MCS models.
3 General set up
Bilinear actions of a one-form field
In order to have a better understanding about duality and field redefinition, we will derive general properties of local bilinear actions constructed with a gauge field A.
Lemma 1 The most general local bilinear action constructed with a real oneform field
A is S = b 0 2 (A, A) + 1 2 (A,BA) + 1 2 (A,ĈA), (3.1) where b 0 is a constant with canonical dimension C(b 0 ) = 3 − 2C(A), B = M i=1 b i (d * d * ) i , (3.2a) C = N i=1 c i ( * d) i , (3.2b) with C(b i ) = 3 − 2C(A) − 2i and C(c i ) = 3 − 2C(A) − i.
Proof:
The bilinear action in A has the form (A, OA), where O is a operator that maps a one-form into another O : ω 1 → Ω 1 . The operator O must be constructed with the exterior derivative d and the Hodge operator * . Since d 2 = 0 and * * = ±1, there are only two operators in three dimension that maps a one-form into another one-form:
Note that the Laplacian operator ∆ = dd † + d † d is a particular case of (3.4). The operatorsB andĈ given by (3.2) satisfy the following propertieŝ
for any one-forms ω 1 and Ω 1 . The first property of (3.5) is due to the fact that ( * d)(d * d * ) = 0 and (d * d * )( * d) = 0. The others follow from ( * dω 1 , Ω 1 ) = (ω 1 , * dΩ 1 ) and (d * d * ω 1 , Ω 1 ) = (ω 1 , d * d * Ω 1 ). TheB andĈ form two orthogonal spaces in sense that (Bω 1 ,ĈΩ 1 ) = (ω 1 ,BĈΩ 1 ) = 0. Let us observe that if ω 1 =ĈA, then δω 1 =Ĉdω 0 = 0. Consequently the space generated byĈ is gauge invariant. Conversely, the space generated byB is not gauge invariant. The term in the action withB is the gauge fixing term.
Duality in bilinear actions
For the bilinear action given by Eq.(3.1) with b 0 = 0, we can write the operator O in a more suitable way
where
7b)
are operators with the following properties
(3.8e) Then the action given by Eq.(3.1) now reads
Now we can ask what type of gauge invariant action is dual to this action above. As before we follow the gauge embedding procedure. We define the first iterative action
10)
where B is an auxiliary one-form field with δB = δA = dω 0 . Then
where we made use of (3.8). The next iterative action is gauge invariant
Since O 1 and O 2 are invertible operators, we can eliminate the auxiliary field B to rewrite (3.12) as a gauge invariant action depending only on the field A,
This is the dual action of (3.9). Note that the dual action does not depends on the operatorB. We have an important result: The dual action depends only on the gauge invariant sector and the mass term. In other words a gauge fixing term is invisible under duality. To clarify our results let us write explicitly the Self-Dual model plus a Landau gauge fixing term
The first iterative action is
15)
and it follows that
and consequently we have the invariant action 
The duality operator
We can express the duality map in a more suitable way. From (3.9), 
Equivalent class of gauge theories
The action of O 1 on a gauge field A produces another gauge field with the same gauge transformation, i.e, if δA = dω 0 , then δO 1 A = dω 0 . Let us call this set of operators by G 1 . An element g 1 of G 1 has the form g 1 = (1 +P ), withP d = 0 and d * P = 0. We shall prove that G 1 is an abelian group. In fact, for g 1 and g ′ 1 ∈ G 1 ,
The inverse is as well defined as the unity element
The action of G 1 on A defines a space of redefined fields. Any redefined field have the same gauge transformation of A. An element of the space of redefined fields isÂ = (1 +P )A. A redefined field is completely specified by the action of an element of
For a gauge invariant theory the bilinear action has the form
whereĈ is polynomial in * d with at least one zero root . We can always expressĈ in the formĈ = c 0 ( * d) j g 2 1 , (4.2) for some j ∈ N and g 1 ∈ G 1 with c 0 a constant. Then any gauge invariant bilinear action can be written as S = c 0 2 (Â, ( * d) jÂ ), (4.3) whereÂ = g 1 A = (1 +P )A is a redefined field. Let us observe that ( * d) j g 1 can never be an element of G 1 . Therefore another gauge invariant action can have the same redefined field . For example
for k = j, has the same redefined field of (4.3), but it is a different gauge theory. S and S ′ are related since they have in common the same redefined field. We are now ready to construct a relation between two gauge theories.
Definition 1 Two gauge actions S and S ′ are said to belong to a same equivalence class if there exist p and p ′ ∈ N and a constant a 0 = 0 such that
We shall denote this relation by ∼.
It is easy to see that this relation ∼ defined above is indeed an equivalence relation: i.e. (i) S ∼ S (reflexive); (ii) if S ∼ S ′ , then S ′ ∼ S (symmetric); and (iii) if S ∼ S ′ and S ′ ∼ S ′′ , then S ∼ S ′′ (transitive). Let us verify the last one. If S ∼ S ′ and S ′ ∼ S ′′ , then exist p, p ′ and q ′ , q ′′ and constants a 0 and b 0 such that
Then
implies that S ∼ S ′′ . The actions that fulfill condition (4.4) form a equivalent class of gauge theories. We now prove that S and S ′ belonging to same equivalence class must have same field redefinition. To see this, let S and S ′ given by S = c 0 2 (Â, ( * d) jÂ ),
be two actions that have in principle different field redefinitions. Since by hypothesis its belong of a same equivalent class, ∃ p, p ′ and a constant a 0 such that a 0 c 0 ( * d) j+p g 2 1 A = c ′ 0 ( * d) k+p ′ g ′2 1 A, holds. Now using the fact that g 2 1 = 1 +P and g ′2 1 = 1 +P ′ we have
which implies that a 0 c 0 = c ′ 0 , j + p = k + p ′ andP =P ′ . Consequently,Â = A ′ . Any member of a class has the same redefined field and a same solution of equation of motion. For instance, the Self-Dual and Maxwell-Chern-Simons actions are member of same class, since its has the same redefined field. This class may be called the class of Self-Dual model. These two models considered are also dual to each other. This is not a mere coincidence. Looking at the equation (3.19) , we can see that the S dual and S belong to the same class if C = c 0 ( * d) j . This is just the case of the Self-Dual model whereĈ = −m * d.
Another interesting equivalent class is obtained from the Maxwell-Proca action
In this caseĈ = −( * d) 2 , and the group element is
The Maxwell-Proca action and its dual action belong to the same class 
Conclusion
In this work we analyzed the aspects of field redefinition and duality of gauge theories in three dimensions. We showed that the MCS and SD models can be rewritten as a unique term with the same field redefinition. Indeed both models are members of a equivalence class of gauge theories. Let us remark that such redefinition is local and has a closed expression in operator * d, e.g, see equation (3.7) . The expansion in power of * d is formal and only makes sense only operating on a gauge field. Our results clarify some aspects of duality in three dimension and perhaps the most important issue is an explicitly construction of a duality operator. In this approach, the gauge fixing term drops out from the dual theory. As an application of our results, let us rederive the topological mass effect to the linking number in three dimension [8] . The linking number can be represented by the integration of correlation function < A(x 1 )A(x 2 ) > on two nonintersecting closed curves γ 1 and γ 2 [9] , namely
where Z = DADB exp (iS) is the usual partition function and Then, for two nonintersecting closed curves γ 1 and γ 2 :
where P (x 1 ) is an operator such that P d = d * P = 0. The topological mass effect to the linking number is obtained through the MCS action
Taking into account the field redefinition and observing that for linear redefinition of fields the Jacobian of the measure drops out due to the presence of 1/Z, we have < A(x 1 )A(x 2 ) > M CS =< (1 + P (x 1 ))Â(x 1 )(1 + P (x 2 ))Â(x 2 ) > CS . Clearly, δ D 0 (x − y) = δ D (x − y). Note that a p-form is defined in a point of the co-tangent space, therefore two p-forms in different points always commute since they are defined in different co-tangent spaces, i.e, B(x)B(y) = B(y)B(x).
